The group theoretical approach to relativistic wave equations for spin 0,1/2 and 1 massless particles in the real reducible spaces and in the de Sitter and Anti-de Sitter spaces for spin 0 and 1/2 massive particles are considered. The invariant wave equations which determines the appropriate irreducible representations are constructed. The explicit solutions of these equations possessing a simplicity and physical transparency are obtained without use of the separation of variables method. The connection with the tetrad approach to wave equations in a curved space is established. It is shown that the Anti-de Sitter space is the solution of the Einstein-Dirac equations. The geometrical meaning of the mass quantization in the Anti-de Sitter space and of the particle creation in de Sitter space is shown.
Introduction
In [1] the basic principles of the group theoretical approach to the relativistic wave equations on curved spaces are examined, and the admissible real spaces are found. In the present work the wave equations in these spaces are considered. Thus the advantage of the group theoretical approach is demonstrated, as the group theoretical description in spaces having the symmetry group is most natural and allows to obtain us new results as compared with the tetrad approach, which, in turn, is applicable to all the curved spaces. Thus, the same object (wave equations for elementary particles) can be described by two formal independent approaches; the comparison of results, obtained with their help, is also of interest.
The present work is composed as follows. In §2 the wave equations for massive spin-free particles and massless particles of spins 1/2 and 1 in reducible spaces (Einstein space , socalled Anti-Einstein space and in one more space having the symmetry group T 1 ⊗ O(3)) are considered. In §3 we consider massive particles of spins 0 and 1/2 in irreducible spaces: in de Sitter and Anti-de Sitter spaces. The results of preceding works on this subject (see references in [1, 2] ) are revised and essentially corrected; a lot of new results is also obtained.
The basic part of reviewing in both sections breaks up into the following steps: 1) description of the space; its symmetry group. Thus in de Sitter space it was possible to give the general mathematical classification of its symmetry group representations;
2) deriving the group theoretical wave equations for spinless particles. It is shown that these equations are the general-covariant. In the de Sitter space it is shown also that the obtained equations is the conformally coupled;
3) Deriving the group theoretical wave equations for spin 1/2 particles. In the Anti-de Sitter space (AdS) either five-dimensional or four-dimensional forms are considered. With the help of the direct calculation of the Casimir operators it is shown that they determine the representation of the AdS group that is need.
4) Comparison of group theoretical wave equations for spin 1/2 particles with similar general-covariant (tetrad) equations; the transformation which links them are found.
5)Explicit solutions of obtained wave equations. In the AdS space their detailed fivedimensional and four-dimensional analyses are carried out. It is shown that the solutions of the equations for spin 1 massless particles founded in the Einstein space correspond to the "flat" electromagnetic waves.
The results obtained with the help of the group theoretical approach by this scheme has numerous applications; in the present paper only the part of them is considered, i.e. whose concerning the first-quantized massive fields in the dS and AdS spaces.
1) New solution of the Einstein-Dirac equations, which is the AdS space, is obtained in §3. 4 , and in this case the Dirac field of a very simple form gives the cosmological constant. Usually one can obtain the solutions of Einstein-Dirac equations as follows (see, for example, [15] and references therein). The metric and the spinor field possessing some (not too high) symmetry which allows one to lower a number of unknown functions are written down in a general form. Thus, the Einstein-Dirac equations are reduced to the set of partial differential equations for functions remaining unknown. Then, this system is integrated. In the group theoretical approach the found solution is almost obvious.
2) In §3.5 with the help of simple geometric reasons and using the solutions of the group theoretical Dirac equation the spectrum of the Dirac operator ( which gives us the possible values of the mass for spin 1/2 particles) is obtained. It is discrete and coincides with the spectrum of the Dirac operator on spheres and pseudospheres obtained in [5] by common reviewing.
3) The fact of the spin-free particle creation in Robertson-Walker spaces and, in particular, in the de Sitter space (see [9] and references therein) is well known. In §3.6 the simple heuristic conclusion of this result not only for spin-free particles, but also for spin 1/2 particles is given.
2 Reducible spaces 2.1 Einstein space and its symmetry group
The three-dimensional space with the symmetry group SO(4) by the natural way is realized as the hypersphere of the radius R in the fictitious four-dimensional Euclidean space. If we designate the fourth coordinate by Rκ, the equation of the hypersphere be
where r 2 = x i x i . As the interval
then, expressing κ from (2.1), we obtain
where κ is no longer an independent variable:
By the choice of κ sign, we have fixed one of the halves of the space, which is covered by our coordinates. The symmetry group of space is, obviously, SO(4) with generators of rotations X i and translations P i and commutation relations
If R → ∞ these commutation relations turn into commutation relations of the three-dimensional Euclidean group. Our group has two second-order Casimir operators:
It is easy to see that the generators
compose two SO(3)-subgroups commuting with each other:
They can be called subgroups of true translations. The Casimir operators of these subgroups
are the Casimir operators of all group. From the comparison with the Poincaré group it is clear that one operator of these subgroups is enough for the description of the particle. We shall choose the sign "+".
The Einstein space represents the direct product of the temporal axes and space (2.2). Its metric is
It has the symmetry group T 1 ⊗ SO(4), therefore only the generator Π 0 commuting with all remaining generators is added to the symmetry group of three-dimensional space. The indices at operators and matrixes are raised and lowered with the help of the Galilean metric tensor η µν = diag(− + ++), so it is possible do not distinct between the upper and lower spatial indices.
Spinless particles and Klein-Gordon equation
As for the metric (2.6) the Christoffel symbols, not equal to zero, are
then it is easy to find the Killing vectors, which gives us the generators of scalar representation:
Therefore, the generators of the scalar representation of the true translation group
we obtain an orthonormal tetrad e µ (ν) :
Thus, the group of space translations also is the group of translations along the chosen tetrad field. The coincidence of Killing vectors and tetrads is not casual. Really, we shall introduce the Ricci rotations coefficients.
. Now, it is easy to see, that, if they are antisymmetric on all indices, the vector
where b ν = const, obeys the Killing equations:
In our case the components of G µνρ not equal to zero are
The commutation relations take the form
The second-order Casimir operator of the group SO(3) is
Substituting (2.10) in (2.12), we obtain
For an evaluation of the second term in the right hand side we write
Using (2.11) and the known general equality for the reduction of the Christoffel symbols
we obtain the appropriate Casimir operator of scalar representation:
This result does not depend on the manifest form of tetrads, but only on correctness of (2.11).
Designating the eigenvalues C (l) 2 by −m 2 , we obtain the Klein-Gordon equation:
Now, let us consider the space with the symmetry group T 1 ⊗ SO(3). According to classification of all spaces with four-parametric symmetry groups given in [6] , spaces with such symmetry group are form the whole class (type VIII on the specified classification) and they are the direct products of a temporal axes and three-dimensional spaces with the metric depending on the constant parameters K ij = K ji and D. The scalar representation generators of their symmetry group are Π
are four vectors, the nonzero component of which are
As it will be seen from the following, it is necessary that these vectors compose an orthonormal tetrad for the group theoretical approach to be meaningful. It follows from here that the nonzero components of the metric tensor are
It is easy to prove that this metric does belong to the specified class and has nonzero parameters
All relations which are valid for one of these spaces, are valid for the other too, as we use the implicit form of tetrads and relations (2.11).
Spin-1/2 and 1 particles; Maxwell and Dirac equations
Let us consider now representations of spin 1/2 and 1. As far as it will be possible, we shall carry out reviewing in general form, without use of the explicit form of spin generators.
So, let us take a certain matrix representation of the rotation group with generators X (s)i . Then with the help of formula (8) of [1] we obtain
Then an orbital-spin part of the second-order Casimir operator be
where α ∈ C. It is just the required first-order wave operator. The Klein-Gordon equation is valid in spinor representation as d'Alembertian commutes with its generators. The same is correct both for the operator A and for the operator ∂ t . Therefore, operators A and
should have fixed eigenvalues. Then the system of wave equations can be written in the form
Where a, a ′ ∈ C. From this system the Klein-Gordon equation should follow i.e. the operator AA ′ should reduce to d'Alembertian. When evaluating AA ′ it is necessary to use not the concrete form of tetrads, but only the relation (2.11). The evaluation gives
Taking into account the definition of Ricci rotational coefficients we have
For the spin 1/2 matrix representation
Substituting (2.17) and (2.15) into (2.14) we obtain
Substituting (2.18), (2.19) and (2.16) in (2.14), we obtain
With the substitution of (2.18) and (2.19) to this equality the first term in right hand side of (2.19) gives us the three-dimensional Laplacian, and the second term leads us to the gauge condition (2.24). Thus, both for spin-1/2 particles and for spin-1 particles the equalities
are correct. Vectors of the irreducible representation, which we have constructed, are the eigenvectors of operators ∂ t and X (s)i ∂ (i) and, thus, represent the plane waves. The arbitrary wave is a certain linear combination of such waves and, obviously, obeys the Klein-Gordon equation. However both equations (2.13) cannot be compatible anymore. Therefore, by virtue of (2.20) A or A ′ is equal to zero, that gives us two types of spinors:
In case of a spin 1 ψ R and ψ L describe the same particle − photon, and in case of the spin 1/2 (2.21) and (2.22) are the Weyl equations for the neutrino and antineutrino; for the clarity we shall restrict ourselves to the neutrino. Thus, both for spin-1/2 particles and for spin-1 particles the equation
is correct as well as the equation
for spin-1 particles is.
Explicit solutions of wave equations in Einstein space
It is easy to show that wave functions
obey the equation (2.23), where ω is a frequency and u( k) is the constant spinor, appropriate to motion along k, k 2 = 1:
From here it follows that it is sufficient to put u( k) ≡ 1 for spin zero particles, then for ψ the Klein-Gordon equation is satisfied too. For the spin 1/2
These solutions are much easier than those obtained in [7] by the method of the separation of variables.
For the spin 1
The correctness of the gauge condition (2.24) follows from (2.25) with the explicit form of generators taking into account. Let us divide ψ onto the electrical and magnetic fields:
Then from (2.25) it follows that E 2 = H 2 and three vectors E, H and k are orthogonal to each other, i.e. our solution really describes the "flat" electromagnetic wave.
2.5
Comparison with the tetrad approach
As is known, in the tetrad approach the Dirac equation for spin-1/2 massive particles looks like
where the covariant derivative of a spinor is
(by the capital letter we designate the general-covariant spinors contrary to the group theoretical spinors). With the help of the equality
As is known, the massive particles are described by the four-component equation, which is obtained by the linkage of the two-component equations with each other. However it is impossible to link the equations (2.13) with each other so that for two-component spinors the the Klein-Gordon equation be valid as before. Therefore it is necessary to link the equations (2.21) and (2.22):
that can be rewritten as follows
To establish the relation between (2.28) and (2.30), we make the transformation
However, the transformation (2.31) is not unitary under the Dirac conjugation:
and consequently it transforms the group theoretical equations in tetrad equations only if m = 0. It means that the group theoretical description of the massive particle with the help of the reducible representation does not have physical sense. Now, let us consider spin 1 particles. Let us introduce the tetrad tensor of the electromagnetic field Φ µν = e α (µ) e β (ν) F αβ , where F αβ is usual tensor of the electromagnetic field. By expressing the covariant derivatives of F αβ through tetrad derivatives of Φ αβ we obtain the Maxwell equations:
(2.32) Substituting (2.11) in (2.32) and introducing the complex vector of the electromagnetic field
we can write down (2.32) as
that coincides with (2.23) if Ψ = e it/R ψ.
Consider the Anti-Einstein space, which represents the product of the temporal axis and hypersphere in the fictitious four-dimensional space with Lorentz signature. In our formulas this distinction is exhibited only in the replacement R by iR. The physical distinctions arise only in the comparison with the group theoretical approach. Now, the tetrads (2.8) are complex and consequently can not be used in (2.26) immediately. It can be transformed in the real tetrad by the some rotation with the complex parameter. However, as the spatial parts of wave operators are identical in the group theoretical and tetrad approaches and are not invariant of under the such transformations, the equations (2.23) cannot be reduced to the covariant equations in the case of the spin 1/2. In the case of the spin 1 it is possible, though the quantities Φ µν will be complex.
3 Anti-de Sitter space
Anti-de Sitter space and its symmetry group
The Anti-de Sitter space (AdS), is the four-dimensional hypersphere in the fictitious fivedimensional space with the pseudoeuclidean metric η AB (A, B, . . . = 0 . . . 3, 5) of signature (+ − − − +). All indices (except the general-covariant indices at tetrads e (µ)ν and at the energy-momentum tensor T µν ) are rised and lowered with the help of Galilean metric tensors η AB and η µν . The equation determining the hypersphere is
the interval reads
Expressing x 5 from (3.1), we obtain the metric
where
Its symmetry group is, obviously, SO(3, 2) with ten generators
we obtain
With R → ∞ these commutation relations pass in the commutation relations for the Poincaré group. The generators P µ , obviously, correspond to translations. The group AdS has two independent Casimir operators:
is an analog of the Pauli-Lubanski's pseudovector in the Poincaré group. An abstract construction of the dS group irreducible representations was given in [3, 4] ; its classification and eigenvalues of the Casimir operators are carried directly onto the AdS group by the replacement R −→ iR immediately. Thus, there are two series of representation of the AdS group.
1) π p,q , p = 1/2, 1, 3/2, . . . ; q = p, p − 1, . . . , 1 and 1/2. The values of Casimir operators in this series are those:
2) ν m,s . There s is spin, s = 0, 1/2, 1, . . .; m corresponds to mass. If s is integer then
With R → ∞ this series of representations passes in representations P (m,s) of the Poincaré group [4] .
The spinless particles and Klein-Gordon equation
The generators of five-dimensional rotations obviously are
Here the fifth coordinate is not independent:
So, ∂ 5 = 0 and we finally obtain generators of scalar representation: Since (−g) 1/2 = 1/χ, for the second-order Casimir operator we obtain from (3.7) and (3.15)
With the help of (3.12) the Klein-Gordon equation
is obtained finally. The scalar field which obeys the equation
where R is the scalar curvature of space, called the conformally coupled. The group theoretical description leads us just to the such a field, as in the space AdS
Massive particles of spin 1/2. The Dirac equation
It is obvious that in this case J (s)µν compose the representation
Thus the generators
obey the commutation relations (3.4) and (3.5) . By introducing the matrixes
it is possible to write down (3.20) and (3.21) in the five-dimensional form:
The equalitiesγ AγB +γ BγA = 2η AB (3.23)
( 3.25) are correct. With the help of (3.7)− (3.9) and (3.23)-(3.25) we obtain
Making the comparison of the above expressions with (3.10)− (3.11) we obtained that it is the representation π 3/2,3/2 . The orbital part of the generators gives us the representation ν m,0 . Therefore, further we shall deal with the representation π 3/2,3/2 ⊗ ν m,0 . Thus for its second-order Casimir operators we have
we obtain that
For the evaluation of the fourth-order Casimir operator by the virtue of (3.16), (3.27) and (3.9) one can write
For the squaring of W A it is necessary to use the formulas (3.23)-(3.25). The obtained result
is consistent with (3.13) and (3.30) if s = 1/2. It is obvious that the operators A and 2 should have fixed values in the irreducible representation. By the virtue of (3.23)-(3.25) and (3.29) we obtain
Then after usage of (3.12), (3.30) and (3.31) we obtain the quadratic equation for the eigenvalue of A. By solving this we have
So in the group theoretical approach the squared Dirac operator reduces to the d'Alembertian one.
As it should be m 2 > −1/4R 2 , then µ is the real number. The appearance of two signs tell us that two identical irreducible representations are obtained:
Expressions (3.15) and (3.29) yield
By choosing the representation appropriate to the sign " − " we obtain
It is the genuine group theoretical Dirac equation in the AdS space.
General-covariant description and energy-momentum tensor
The equation (3.32) admits reduction to the general-covariant form. For its performing we make the transformation Ψ = V ψ,
It is easy to show that
where e
ν is an orthonormal tetrad:
and D µ is the spinor covariant derivative given by (2.27). With the choice of tetrads according to (3.37) the Ricci rotation coefficients are equal to
Thus we finally obtain that iγ µ e ν (µ) D ν Ψ = µΨ. The conserving energy-momentum tensor in the tetrad description be [12] 
where Γ µ = g µν Γ ν . Using (3.35) and (3.36) we transform it into the group theoretical wave functions:
From (3.32) it is seen that ψ = const is the solution of (3.32) if µ = 2/R. Thus the energy-momentum tensor looks like
From here follows that the AdS space and these fermion field are consistent. The Einstein equations give that
where R is the scalar curvature of the space and T is the trace of the energy-momentum tensor. Using (3.19), we finally obtain
ψψ for the radius of the AdS space. The obtained exact solution of the Einstein-Dirac equations is similar to the solution obtained by the method of variables separation in [14] which corresponds to the rest particle in the Lemaitré coordinates over the dS space. Concerning the solutions of the Einstein-Dirac equations see also [15] .
Explicit solutions of wave equations and the mass quantization
Let us consider the explicit solutions of the wave equations in the AdS space; they are, obviously, vectors of the appropriate irreducible representations. The simplest AdS-invariant function is
where k A is a constant 5-vector. So if L AB is the AdS transformation:
then (3.39) remains invariant. The function (3.39) should be an eigenvector of the secondorder Casimir operator. It is convenient to take this operator in the five-dimensional form using (3.7) and (3.14):
Then we obtain the following equation for f
where the sign "+" corresponds to the case k A k A < 0 and the sign " − " corresponds to the case k A k A > 0. In the first case solutions of this equation will not belong to any representations of the AdS group. In the second case they will be polynomials of the degree n, n = 1, 2, . . .. With the help of direct calculation of the C (l) 1 eigenvalue it is easy to show that they belong to the representation π n+1,1 . Thus, for the case in the rest k A k A = 0; then from (3.40) and (3.12) it follows that
Respectively for the antiparticles we have
We shall search the wave functions for spin 1/2 particles in the form
where u(k) is a constant spinor depending only from k A . Then using (3.14), (3.22), (3.23)-(3.25) and (3.29) we obtain that the condition
should be satisfied. This results to k A k A = 0 as before. Using AdS-invariance we can choose k
and the condition (3.44) passes into
If we assume that k 0 > 0 then the obtained solutions will describe particles, and spinor u(k) will be a linear combination of the basic spinors u (α) (k), α = 1, 2. The passage to description of antiparticles (k 0 < 0) is performed by the formal replacement k µ → −k µ . So, as before, k 0 > 0, and spinors u(k) are the linear combination of the basic spinors v (α) (k). Finally we obtain the following solutions for the case of spin 1/2:
With R → ∞ these solutions pass into usual flat waves in the Minkowski space and m · k µ has the meaning of the wave vector. These solutions are much simpler than those ones obtained by separation of variables in the tetrad Dirac equation [8, 13] . An advantage of the fivedimensional form of the explicit solutions as compared with the four-dimensional form is that the first one gives us an information about the global properties of solutions, whereas the second one envelops only one the half of space. One of such global properties is the quantization of mass established from other reasons in [5] . Let us consider the mode with k µ 0 = (1, 0) ; by virtue of the Lorentz-invariance our examination will be correct for all other modes too. Now consider the "translation" along x 0 which is the rotation on the angle ϕ in the Euclidean plane (x 5 , x 0 ):
Thus by the virtue of (3.39) we obtain
Then ( where n = 1, 2, . . .
De Sitter space.
The de Sitter space (dS) differs of the AdS space by the value of η 55 = −1. Therefore, the symmetry group of dS space is SO(4, 1). In all formulas this distinction arises only in the replacement R by −iR. The appropriate representations of the dS group together with the transformation U are already nonunitary under the Dirac conjugation. As a result U will not transform the group theoretical energy-momentum tensor in the tetrad form. Thus, the dS space will not be the solution of the Einstein-Dirac equations and the part of results from §3.4 don't take a place. The most interesting difference between the dS and AdS spaces follows from the explicit solutions of the wave equations. These solutions are similar to whose obtained in the AdS space and corresponds to particles and antiparticles for spin 0: with spin 1/2, where now
In the abstract five-dimensional form the functions (3.45) are well-known ones [11] , but only the four-dimensional form bears the concrete physical information about space-time properties of particles and antiparticles. The functions (3.45)-(3.46) have the branching points. With the round about these points both of the functions take the factor e −2πµR . As it is well-known on examples of Hawking and Rindler effects, the appearance of the branching points at the wave functions with the branching factor e −µ/T (where µ is the mass of particle) has the meaning of the particle creation. In this case we have the Planck spectrum at the temperature T equal to
.
The difference of our case from the mentioned above is that the location of the branching points depend on the wave vector k. Therefore our derivation about the creation of spin 0 and 1/2 particle in dS space is only heuristic. Our result coincides with the results of more correct derivations [9, 11] for spin zero particles; see also [10, 16] . I am grateful to Yu.P.Stepanovsky for the constant and versatile support during the work.
